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ABSTRACT 

A geodetic cototal dominating set D in a connected graph G is called a minimal 

geodetic cototal dominating set of G if no proper subset of D is a geodetic cototal dominating 

set of G. The maximum cardinality of a minimal geodetic cototal dominating set of G is the 

upper geodetic cototal domination number of G and is denoted by 𝛾+
𝑔𝑐𝑡
(𝐺).  It is shown that 

for every two positive integers a and b of integers, with 3 ≤ 𝑎 ≤ 𝑏,  there exists a connected 

graph G with 𝛾𝑔𝑐𝑡(𝐺) = 𝑎  and 𝛾+
𝑔𝑐𝑡
(𝐺) = 𝑏.  
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1  Introduction 

            Graphs are the mathematical structures used to model pairwise relations between 

objects or a pictorial representation of set of objects where a link connects some pairs of 

objects. The interacting objects are called points, vertices, or nodes and the relationships that 

connect the objects are called lines, edges or arcs. A graph 𝐺 =  (𝑉, 𝐸), consists of a finite 

nonempty set V = V(G) of vertices together with a set E = E(G) of un ordered pair e = {u, v} 

of distinct elements of V. The standard terminology and notations in this article are based on 

the book Graph theory and Distance in Graphs [1, 2]. In this article, we consider only a finite, 

undirected graph with no loops or multiple edges. For vertices 𝑢 and 𝑣 in a connected graph 𝐺, 

the distance 𝑑(𝑢, 𝑣) is the length of a shortest 𝑢– 𝑣 path in 𝐺. A 𝑢– 𝑣 path of length 𝑑(𝑢, 𝑣) is 

called a 𝑢– 𝑣 geodesic. The eccentricity 𝑒(𝑣) of a vertex 𝑣 in 𝐺 is the maximum distance from 

𝑣 and a vertex of 𝐺. The minimum eccentricity among the vertices of 𝐺 is the radius, 𝑟𝑎𝑑 𝐺 

or  𝑟(𝐺) and the maximum eccentricity is its diameter, 𝑑𝑖𝑎𝑚 𝐺 of 𝐺. Let 𝑥, 𝑦 ∈

𝑉 and  let 𝐼[𝑥, 𝑦] be the set of all vertices that lies in 𝑥 − 𝑦 geodesic including 𝑥 and 𝑦. Let 

𝑆 ⊆ 𝑉(𝐺) and 𝐼[𝑆] = ⋃ 𝐼[𝑥, 𝑦]𝑥,𝑦∈𝑆 . Then 𝑆 is said to be a geodetic set of 𝐺, if  𝐼[𝑆] = 𝑉. The 

geodetic number 𝑔(𝐺) of 𝐺 is the minimum order of its geodetic sets and any geodetic set of 

order 𝑔(𝐺) is called a 𝑔-set of 𝐺. A set 𝑆 ⊆  𝑉 (𝐺) is called a dominating set if every vertex 

in 𝑉(𝐺)  −  𝑆 is adjacent to at least one vertex of 𝑆. The domination number, 𝛾(𝐺), of a graph 
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𝐺 denotes the minimum cardinality of such dominating sets of  𝐺. A minimum dominating set 

of a graph 𝐺 is hence often called as a 𝛾-set of 𝐺. For the fundamentals of domination concept 

refer [3]. A dominating set 𝑆 of 𝐺 is a cototal dominating set if every vertex 𝑣 ∈  𝑉 ∖  𝑆 is not 

an isolated vertex in the induced subgraph  〈𝑉 ∖  𝑆〉. The cototal domination number 𝛾𝑐𝑡(𝐺) of 

𝐺 is the minimum cardinality of a cototal dominating set [4].   A set 𝑆 ⊆  𝑉 is said to be a 

geodetic cototal dominating set of 𝐺, If 𝑆 is both geodetic set and cototal dominating set of 𝐺. 

The geodetic cototal domination number of 𝐺 is the minimum cardinality among all geodetic 

cototal dominating sets in 𝐺 and denoted by 𝛾𝑔𝑐𝑡(𝐺). A geodetic cototal dominating set of 

minimum cardinality is called the 𝛾𝑔𝑐𝑡-set of 𝐺 [5]. The several concepts of geodetic cototal 

domination number of a graph were studied [6, 7]. The following theorem is used in the sequel. 

Theorem 1.1. [6] Each extreme vertex of a connected graph belongs to every geodetic cototal 

dominating set of G.  

2  The upper geodetic cototal domination number of a graph 

Definition 2.1.  A geodetic cototal dominating set 𝐷 ⊂  𝑉 is said to be a minimal geodetic 

cototal dominating set, if there does not exist a set 𝑁 ⊂  𝐷 that is a geodetic cototal dominating 

set of the graph G. The upper geodetic cototal dominating number   𝛾𝑔𝑐𝑡
+ (𝐺) is the maximum 

size of a minimal geodetic cototal dominating set of 𝐺. 

Example 2.2. For the graph G given in Figure .1,  𝑆1 = {𝑣2, 𝑣5}, 𝑆2 =  { 𝑣2, 𝑣4, 𝑣6} are the only 

two minimal geodetic cototal dominating sets of G and so 𝛾𝑔𝑐𝑡
+ (𝐺)  ≥ 3. Since there is no 

minimal geodetic cototal dominating set of G with cardinality four,  𝛾𝑔𝑐𝑡
+ (𝐺) = 3.    
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Remark 2.3. Every minimum geodetic cototal dominating set of G is a minimal geodetic 

cototal dominating set of G, but the converse need not be true. For the graph G given in Fig.1, 

𝑆2 = { 𝑣2, 𝑣4, 𝑣6} is a minimal geodetic cototal dominating set of G but not a minimum 

geodetic cototal dominating set of G. 

Theorem 2.4. Let 𝐺 be a connected graph of order 𝑛. Then 2 ≤  𝛾𝑔𝑐𝑡(𝐺) ≤  𝛾𝑔𝑐𝑡
+ (𝐺)  ≤  𝑛. 

Proof: Since every geodetic cototal dominating set of G needs at least two vertices, 𝛾𝑔𝑐𝑡(𝐺) ≥

2. . Since every minimum geodetic cototal dominating set of G is a minimal geodetic cototal 

dominating set of G, it follows that 𝛾𝑔𝑐𝑡(𝐺) ≤  𝛾𝑔𝑐𝑡
+ (𝐺). Also, since V(G) is a geodetic cototal 

dominating set of G, We have 𝛾𝑔𝑐𝑡
+ (𝐺)  ≤  𝑛. Therefore 2 ≤  𝛾𝑔𝑐𝑡(𝐺) ≤  𝛾𝑔𝑐𝑡

+ (𝐺)  ≤  𝑛. 

Remark 2.5.  The bounds in Theorem 2.4 are sharp. For the graph G = 𝐾2, 𝛾𝑔𝑐𝑡(𝐺)=2 = n and 

for the graph G = 𝐶4 , 𝛾𝑔𝑐𝑡(𝐺) =  𝛾𝑔𝑐𝑡
+ (𝐺) = 4. For G = 𝐾𝑛 , 𝛾𝑔𝑐𝑡

+ (𝐺) =  𝑛 . Also, the bounds 

in Theorem 2.4 are strict. For the graph in Fig.1, 𝛾𝑔𝑐𝑡(𝐺) = 2, 𝛾𝑔𝑐𝑡
+ (𝐺) = 5 and n = 7. Thus 

2 <  𝛾𝑔𝑐𝑡(𝐺) <  𝛾𝑔𝑐𝑡
+ (𝐺)  <  𝑛. 

Observation 2.6. (i) For  𝐺 =  𝐾𝑛 (𝑛 ≥  2), 𝛾𝑔𝑐𝑡
+ (𝐺)  =  𝑛. 

(ii) For 𝐺 =  𝑃𝑛 (𝑛 ≥  5), 𝛾𝑔𝑐𝑡
+ (𝐺) = ⌈

𝑛

3
⌉. 

 (iii) For 𝐺 =  𝐶𝑛 (𝑛 ≥  6), 𝛾𝑔𝑐𝑡
+ (𝐺) = ⌈

𝑛

3
⌉. 

 (iv) For 𝐺 = 𝐾1,𝑛−1,  𝛾𝑔𝑐𝑡
+ (𝐺) = n.        

Theorem 2.7. For G=𝐾𝑟,𝑠(𝐺) = {
𝑟 + 𝑠, 𝑖𝑓 1 ≤  𝑟 ≤ 3

4, 𝑖𝑓 4 ≤ 𝑟 ≤ 𝑠
. 

Proof: Let 𝑈 =  {𝑢1,  𝑢2, . . . , 𝑢𝑟} and 𝑊 = {𝑤1,  𝑤2, . . . , 𝑤𝑠} be the two bipartite sets of 𝐺. Let 

𝑆 be a 𝛾𝑔𝑐𝑡-set of 𝐺. If 1 ≤  𝑟 ≤  3. Then 𝑆 =  𝑉 (𝐺)  is the unique 𝛾𝑔𝑐𝑡-set of 𝐺. so that 

𝛾𝑔𝑐𝑡
+ (𝐺) = 3. So, let  4 ≤  𝑟 ≤  𝑠. Let 𝑆 =  {𝑢1,  𝑢2, 𝑤1, 𝑤2}. Then 𝑆 is a minimal geodetic 

cototal dominating set of 𝐺 and so 𝛾𝑔𝑐𝑡
+ (𝐺)  ≥  4. We prove that 𝑆 is a minimal geodetic cototal 

dominating set of 𝐺. Suppose this is not the case. Then there exists geodetic cototal dominating 

of 𝑆1 such that 𝑆1  ⊂  𝑆. Then there exists a vertex 𝑥 ∈  𝑆 such that 𝑥 ∉ 𝑆1. If 𝑥 =  𝑥1 𝑜𝑟 𝑥2, 

then 𝑤1, 𝑤2 do not belong to a geodesic joining a pair of vertices of 𝑆. If 𝑥 =  𝑤1or 𝑤2, then 

𝑢1, 𝑢2do not belong to a geodesic joining a pair of vertices of 𝑆.  Therefore 𝑆1 is not a geodetic 

cototal dominating set of 𝐺, which is a contradiction. Hence it follows that 𝑆 is a minimal 

geodetic cototal dominating set of 𝐺  and so that 𝛾𝑔𝑐𝑡
+ (𝐺) ≥ 4. We prove that 𝛾𝑔𝑐𝑡

+ (𝐺) = 4. On 

the contrary suppose that 𝛾𝑔𝑐𝑡
+ (𝐺) ≥ 5, Then there exists a minimal geodetic cototal dominating 

set  𝑆′ , such that | 𝑆′| ≥  5. Since 𝐺[𝑉 − 𝑆′] has no isolated vertices, 𝑆′ ⊂  𝑈 ∪ 𝑊 such that 

𝑆′ contains at least two vertices from 𝑈 and at least two vertices from 𝑊. Hence it follows that 
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there exists a geodetic cototal dominating set 𝑀 such that 𝑀 ⊂  𝑆′, which is a contradiction. 

Therefore 𝛾𝑔𝑐𝑡
+ (𝐺) = 4. 

Definition 2.8. Let 𝑉(𝐾2)  =  {𝑥, 𝑦} and (𝐾𝑎)   =  {𝑣1, 𝑣2, … , 𝑣𝑎}(𝑎 ≥ 2). Let 𝐻 = 𝐾𝑎 + 𝐾2. 

Let 𝐺𝑎 be the graph in Fig. 2 obtained from H by adding a new vertex 𝑢 and joining 𝑢 with y. 

Theorem 2.9. For the graph 𝐺𝑎, 𝛾𝑔𝑐𝑡(𝐺𝑎) =  2 . 

Proof: Let 𝑍 = {𝑢} be the set of all end vertices of G. By Theorem 1.1, 𝑍 is a subset of every 

geodetic cototal dominating set of G. Let 𝑆 = 𝑍 ∪ {𝑥}. Then 𝑆 is a geodetic cototal dominating 

set of 𝐺 so that 𝛾𝑔𝑐𝑡(𝐺𝑎)  =  2 .     

 

Definition 2.10. Consider the paths 𝑃2𝑎+1: 𝑥1, 𝑥2, . . . , 𝑥2𝑎+1. Let 𝑉(𝐾2))  =  {𝑥, 𝑦}. Obtain 

a graph 𝐻𝑎 given in Fig. 3 from 𝑃2𝑎+1and 𝐾2 by introducing new vertices 𝑦1, 𝑦2, . . . ,  𝑦𝑎−1   and 

edges 𝑥𝑥𝑖  (1 ≤  𝑖 ≤  2𝑎 +  1), 𝑦𝑥𝑖 (1 ≤  𝑖 ≤  2𝑎 +  1) and 𝑦𝑦𝑖 (1 ≤  𝑖 ≤  𝑎 −  1). 

 

 

 

G 

Fig 2. 

 

y v3 

 x 

v2 

va 

v1 u 

𝑦𝑎−1 

 

𝑥 

𝐺 

Fig 3. 

𝑦2 

𝑥1 

𝑦1 

𝑥3 

𝑥2𝑎+1 

𝑦 

𝑥2 



ISSN 0976-5417                                                    Cross Res.: December 2022                                     Vol.13 No.2 

114 

 

Theorem 2.11. For the graph 𝐻𝑎, 𝛾𝑔𝑐𝑡(𝐻𝑎) =  𝑎 and 𝛾𝑔𝑐𝑡
+ (𝐺)  =  2𝑎 −  1. 

Proof: Let 𝑆 be a 𝛾𝑐𝑡 − 𝑠𝑒𝑡      of 𝐺 and Y be the set of all pendant vertices of G. By Theorem 

1.1, 𝑌 𝑆. 𝐻𝑒𝑛𝑐𝑒 𝛾𝑔𝑐𝑡(𝐺) ≥ 𝑎.  Since the vertex 𝑥  ∉ 𝐼[𝑌]. 𝑌 is not a geodetic cototal dominating 

set of 𝐺 and so 𝛾𝑔𝑐𝑡(𝐺) ≥ 𝑎. Let 𝑆 =  𝑌 ∪ {𝑥}. Then 𝑆 is a geodetic cototal dominating set of  

𝐺 so that 𝛾𝑔𝑐𝑡(𝐺) =  𝑎. 

Next, we have to prove 𝛾𝑔𝑐𝑡
+ (𝐺)= 2𝑎 −  1. Let 𝑆′ =  𝑌 ∪  {𝑥1, 𝑥3, . . . , 𝑥2𝑎+1}. Then 𝑆 

is a geodetic cototal dominating set of 𝐺. We prove that 𝑆 is a minimal geodetic cototal 

dominating set of 𝐺. Then𝑆1 𝑆, where 𝑆1 is a geodetic cototal dominating set of G such that 

𝑆1  ⊂  𝑆. Let 𝑥 be a vertex of 𝑆  such that 𝑥 ∉  𝑆1. By Theorem 1.1, 𝑥 ≠ 𝑦𝑖 (1 ≤  𝑖 ≤  𝑎 −

 1). If ℎ =  𝑥𝑖 (1 ≤  𝑖 ≤  2𝑎 +  1) then 𝑥𝑖  ∉ 𝐼[𝑆1], which is a contradiction. Therefore 𝑆 is a 

minimal geodetic cototal dominating set of 𝐺 so that 𝛾𝑔𝑐𝑡
+ (𝐺) ≥  2𝑎 −  1. 

We prove that 𝛾𝑔𝑐𝑡
+ (𝐺)  =  2𝑎 − 1. On the contrary, suppose that 𝛾𝑔𝑐𝑡

+ (𝐺) ≥ 2𝑎 − 1. 

Then there exists a minimal geodetic cototal dominating set 𝑀 such that | 𝑀 | ≥  𝑏 +  1. By 

Theorem 1.1, 𝑌 ⊂  𝑀, which is a contradiction. Therefore 𝛾𝑔𝑐𝑡
+ (𝐺) = 2𝑎 −  1.                                                                                                                                

Theorem 2.12. For any connected graph 𝐺 of order 𝑛 ≥  2. Then 𝛾𝑔𝑐𝑡(𝐺) = 𝑛 if and only if 

𝛾𝑔𝑐𝑡
+ (𝐺) =  𝑛. 

Proof: If 𝛾𝑔𝑐𝑡(𝐺) = 𝑛. Then by Theorem 2.5, 𝛾𝑔𝑐𝑡
+ (𝐺)  =  𝑛.  Conversely let 𝛾𝑔𝑐𝑡

+ (𝐺)  =  𝑛. Then 

𝑆 =  𝑉(𝐺) is the unique minimal geodetic cototal dominating set and so it is a minimum 

geodetic cototal dominating set of 𝐺. Hence 𝛾𝑔𝑐𝑡(𝐺) = 𝑛.                                                                                                                                           

Theorem 2.13. For every pair of 𝑎, 𝑏 with 2 ≤  𝑎 ≤  𝑏 and 𝑏 ≥  2, there exists a connected 

graph G such that 𝛾𝑔𝑐𝑡(𝐺)  = a and 𝛾𝑔𝑐𝑡
+ (𝐺) = 𝑏. 

Proof: Consider the paths 𝑃 ∶  𝑢0, 𝑢1,  𝑢2  and 𝑄 ∶  ℎ1,  ℎ2, . . . , ℎ𝑏−𝑎+2 .From 𝑃 and 𝑄  obtain a 

new graph 𝐻  by joining 𝑢1 with ℎ1 and 𝑢0 and 𝑢2 with each ℎ𝑖  (1 ≤  𝑖 ≤  𝑏 −  𝑎 +  2). 

From H obtain a new graph G given in Fig.4. by introducing the vertices 𝑧1, 𝑧2, . . . , 𝑧𝑎−2 and 

introducing the edge 𝑢𝑖𝑥𝑖 (1 ≤  𝑖 ≤  𝑎 −  2). 

We prove that 𝛾𝑔𝑐𝑡(𝐺) =  𝑎. The graph having set of pendent vertices 𝑍 =

 {𝑧1, 𝑧2, . . . , 𝑧𝑎−2}. Then by Theorem 1.1, Z is contained in every geodetic cototal dominating 

set of 𝐺. Since 𝐼[𝑍]  ≠  𝑉 and 𝐼[𝑍 ∪ {𝑥}], where 𝑥 ∉  𝑍 is not a geodetic cototal dominating 

set of 𝐺 and so 𝛾𝑔𝑐𝑡(𝐺)  ≥  𝑎. Now  𝑆 =  𝑍 ∪  {𝑢0, 𝑢2} is a geodetic cototal dominating set of 

𝐺.Therefore 𝛾𝑔𝑐𝑡(𝐺)   =  𝑎. 

            Next, we have to prove  𝛾𝑔𝑐𝑡
+ (𝐺)  =  𝑏. Consider 𝑆 =  𝑍 ∪{ℎ1,  ℎ2, . . . , ℎ𝑏−𝑎+2}. Then 

S is a geodetic cototal dominating set of 𝐺. We prove that S is a minimal geodetic cototal 
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dominating set of 𝐺. Suppose this is not the case. Hence 𝑆1 ⊂ 𝑆, where 𝑆1 is a minimal geodetic 

cototal dominating set of G. Let 𝑥 be a vertex of S such that 𝑥 ∉  𝑆1. By Theorem 1.1, 𝑥 ≠

 𝑧𝑖 (1 ≤  𝑖 ≤  𝑎 +  2). If 𝑥 =  ℎ𝑖  (1 ≤  𝑖 ≤  𝑏– 𝑎 +  2) then 𝑥 ∉  𝐼[𝑆1], which is a 

contradiction. Therefore, S is a minimal geodetic cototal dominating of G so that 𝛾𝑔𝑐𝑡
+ (𝐺) ≥  𝑏. 

We prove that 𝛾𝑔𝑐𝑡
+ (𝐺) = 𝑏. On the contrary, suppose that 𝛾𝑔𝑐𝑡

+ (𝐺)≥ b + 1. Then there exists a 

geodetic cototal dominating set 𝑀 such that | 𝑀 | ≥  𝑏 +  1. By Theorem 1.1, 𝑍 ⊂  𝑀. Since 

S is a minimal geodetic cototal dominating set of 𝐺 and 𝑢1 ∉  𝑀, there does not exists a minimal 

geodetic cototal dominating with | 𝑀 | ≥  𝑏 +  1. Therefore 𝛾𝑔𝑐𝑡
+ (𝐺) =  𝑏.    

 

 

 

Conclusion 

In this paper the concept of upper geodetic cototal domination number of some standard 

graphs some general properties satisfied by this concept are studied. In future studies, the same 

concept will be applied for the other graph operations. 
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