ISSN 0976-5417 Cross Res.: December 2022 Vol.13 No.2

On the Upper Geodetic Cototal Domination Number of a Graph

1S.L. Sumi, *2V. Mary Gleeta and 1J. Befija Minnie

!Department of Mathematics, Holy Cross College (Autonomous), Nagercoil — 4
Affiliated to Manonmaniam Sundaranar University, Tirunelveli - 627012
2Department of Mathematics, T.D.M.N.S College, T. Kallikulam, Tamilnadu, India.
*Corresponding Author - Email: gleetass@gmail.com

ABSTRACT

A geodetic cototal dominating set D in a connected graph G is called a minimal
geodetic cototal dominating set of G if no proper subset of D is a geodetic cototal dominating
set of G. The maximum cardinality of a minimal geodetic cototal dominating set of G is the
upper geodetic cototal domination number of G and is denoted by y+gct(G)' It is shown that

for every two positive integers a and b of integers, with 3 < a < b, there exists a connected
graph G with y4.(G) = a and y+gct(6) = b.
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1 Introduction
Graphs are the mathematical structures used to model pairwise relations between

objects or a pictorial representation of set of objects where a link connects some pairs of
objects. The interacting objects are called points, vertices, or nodes and the relationships that
connect the objects are called lines, edges or arcs. A graph G = (V, E), consists of a finite
nonempty set V = V(G) of vertices together with a set E = E(G) of un ordered pair e = {u, v}
of distinct elements of V. The standard terminology and notations in this article are based on
the book Graph theory and Distance in Graphs [1, 2]. In this article, we consider only a finite,
undirected graph with no loops or multiple edges. For vertices u and v in a connected graph G,
the distance d (u, v) is the length of a shortest u- v path in G. A u- v path of length d(u, v) is
called a u— v geodesic. The eccentricity e(v) of a vertex v in G is the maximum distance from
v and a vertex of G. The minimum eccentricity among the vertices of G is the radius, rad G
or r(G) and the maximum eccentricity is its diameter, diam G of G. Let x,y €
V and let I[x, y] be the set of all vertices that lies in x — y geodesic including x and y. Let
S € V(G) and I[S] = UyyesI[x, y]. Then S is said to be a geodetic set of G, if I[S] = V. The
geodetic number g(G) of G is the minimum order of its geodetic sets and any geodetic set of
order g(G) is called a g-set of G. Aset S € V (G) is called a dominating set if every vertex

inV(G) — S is adjacent to at least one vertex of S. The domination number, y(G), of a graph
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G denotes the minimum cardinality of such dominating sets of G. A minimum dominating set
of a graph G is hence often called as a y-set of G. For the fundamentals of domination concept
refer [3]. A dominating set S of G is a cototal dominating set if every vertex v € V \ S isnot
an isolated vertex in the induced subgraph (V' \ S). The cototal domination number y..(G) of
G is the minimum cardinality of a cototal dominating set [4]. A set S € V is said to be a
geodetic cototal dominating set of G, If S is both geodetic set and cototal dominating set of G.
The geodetic cototal domination number of G is the minimum cardinality among all geodetic
cototal dominating sets in G and denoted by y,..(G). A geodetic cototal dominating set of
minimum cardinality is called the y,..-set of G [5]. The several concepts of geodetic cototal
domination number of a graph were studied [6, 7]. The following theorem is used in the sequel.
Theorem 1.1. [6] Each extreme vertex of a connected graph belongs to every geodetic cototal
dominating set of G.

2 The upper geodetic cototal domination number of a graph

Definition 2.1. A geodetic cototal dominating set D c V is said to be a minimal geodetic
cototal dominating set, if there does not existaset N c D that is a geodetic cototal dominating
set of the graph G. The upper geodetic cototal dominating number yj..(G) is the maximum
size of a minimal geodetic cototal dominating set of G.

Example 2.2. For the graph G given in Figure .1, S; ={v,,vs}, S, = {v,, v4, v} are the only
two minimal geodetic cototal dominating sets of G and so yj..(G) = 3. Since there is no

minimal geodetic cototal dominating set of G with cardinality four, y;..(G) = 3.
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Fig 1.
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Remark 2.3. Every minimum geodetic cototal dominating set of G is a minimal geodetic
cototal dominating set of G, but the converse need not be true. For the graph G given in Fig.1,
S, = {v,, 14,06} IS @ minimal geodetic cototal dominating set of G but not a minimum
geodetic cototal dominating set of G.

Theorem 2.4. Let G be a connected graph of order n. Then 2 < y,.(G) < v (G) < n.
Proof: Since every geodetic cototal dominating set of G needs at least two vertices, y..(G) =
2. . Since every minimum geodetic cototal dominating set of G is a minimal geodetic cototal
dominating set of G, it follows that y,..(G) < y4..(G). Also, since V(G) is a geodetic cototal
dominating set of G, We have y;.(G) < n.Therefore 2 < y;(G) < y40(G) < n.
Remark 2.5. The bounds in Theorem 2.4 are sharp. For the graph G = K5, y4.(G)=2=nand
for the graph G = Cy , ¥4ce(G) = v5ce(G) = 4. For G =K, , y5.:(G) = n . Also, the bounds
in Theorem 2.4 are strict. For the graph in Fig.1, y4.(G) = 2, y;..(G) = 5and n = 7. Thus
2 < Ygee(6) < ¥ia(6) < m.

Observation 2.6. (i) For G = K, (n = 2),v,.(G) = n.

(i) ForG = B, (n = 5),v4(6) = [5].

(iii) For G = C, (n 2 6),75:(6) = [5]
(iv) For G = Ky 1, ¥4ce(G) =n.

r+s,if1<r<3
4, if4<r<s’

Theorem 2.7. For G=K, ;(G) = {
Proof: Let U = {uy, uy,...,u,.}and W = {wy, w,,...,w,} be the two bipartite sets of G. Let
Sbheaygesetof 6. If 1 < r < 3.ThenS = V (G) is the unique y,.-set of G. so that
Ygct(G) =3. S0, let 4 < r < s. Let S = {uy, up, w;,w,}. Then S is a minimal geodetic
cototal dominating set of G and so y;..(G) = 4. We prove that S is a minimal geodetic cototal
dominating set of G. Suppose this is not the case. Then there exists geodetic cototal dominating
of S; such that S; < S. Then there exists a vertex x € S suchthatx & S;. If x = x; or x,,
then wy, w, do not belong to a geodesic joining a pair of vertices of S. If x = w;or w,, then
U4, U,do not belong to a geodesic joining a pair of vertices of S. Therefore S; is not a geodetic
cototal dominating set of G, which is a contradiction. Hence it follows that S is a minimal
geodetic cototal dominating set of G and so that y..(G) > 4. We prove that y.,(G) = 4. On
the contrary suppose that ygct(G) > 5, Then there exists a minimal geodetic cototal dominating
set S’,suchthat|S’| > 5. Since G[V — S'] has no isolated vertices, S’ € U U W such that

S’ contains at least two vertices from U and at least two vertices from W. Hence it follows that
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there exists a geodetic cototal dominating set M such that M < S’, which is a contradiction.
Therefore y;..(G) = 4.

Definition 2.8. Let V(K,) = {x,y}and (K,) = {vy, vy, .., v.}(a = 2). LetH = K, + K.
Let G, be the graph in Fig. 2 obtained from H by adding a new vertex u and joining u with y.
Theorem 2.9. For the graph Gg, ¥t (Ga) = 2.

Proof: Let Z = {u} be the set of all end vertices of G. By Theorem 1.1, Z is a subset of every
geodetic cototal dominating set of G. Let S = Z U {x}. Then S is a geodetic cototal dominating
set of G so that . (Gg) = 2.

Va

Fig 2.

Definition 2.10. Consider the paths Pagy1: X1, %y, ..., X041 Let V(K3)) = {x,y}. Obtain

a graph H, given in Fig. 3 from P, ,and K, by introducing new vertices y;, y5,..., ¥4—1 and
edgesxx; (1 < i < 2a+ 1),yx;(1 <i < 2a+ Dandyy; (1 <i <a-1).

X2a+1

Fig 3.
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Theorem 2.11. For the graph Hy, v4c:(Hg) = a and y . (G) = 2a — 1.

Proof: Let S be ay. —set of G and Y be the set of all pendant vertices of G. By Theorem
1.1,Y S.Hence y,4.¢(G) > a. Since the vertex x & I[Y].Y is not a geodetic cototal dominating
set of G and S0 y4.(G) = a. LetS = Y U {x}. Then S is a geodetic cototal dominating set of
G sothat y4.(G) = a.

Next, we have to prove y,.(G)=2a — 1. LetS' = Y U {x4,x3,...,X3441}. Then S
IS a geodetic cototal dominating set of G. We prove that S is a minimal geodetic cototal
dominating set of G. ThenS; < S, where S; is a geodetic cototal dominating set of G such that
S, € S. Let x be avertex of S such that x ¢ S;. By Theorem 1.1, x #y; (1 < i < a —
1).Ifh = x;, (1 <i < 2a + 1)thenx; € I[S,], which is acontradiction. Therefore S is a
minimal geodetic cototal dominating set of G so that v/ (G) = 2a — 1.

We prove that y,.(G) = 2a — 1. On the contrary, suppose that yg..(G) > 2a — 1.
Then there exists a minimal geodetic cototal dominating set M such that |M | > b + 1. By
Theorem 1.1, Y < M, which is a contradiction. Therefore y .. (G) = 2a — 1.

Theorem 2.12. For any connected graph G of order n > 2. Then y,..(G) = n if and only if
V;ct(G) = n

Proof: If y4c(G) = n. Then by Theorem 2.5, y;..(G) = n. Conversely lety,..(G) = n.Then
S = V(G) is the unique minimal geodetic cototal dominating set and so it is a minimum
geodetic cototal dominating set of G. Hence y .. (G) = n.

Theorem 2.13. For every pair of a,b with 2 < a < b and b > 2, there exists a connected
graph G such that y,..(G) =aand y;.(G) = b.

Proof: Consider the paths P : uy,uq, u, and Q : hy, hy,..., hy_q42 .-From P and Q obtain a
new graph H by joining u; with h, and u, and u, witheach h; (1 < i < b — a + 2).
From H obtain a new graph G given in Fig.4. by introducing the vertices z,, z,,...,z,_, and
introducing theedge u;x; (1 < i < a — 2).

We prove that y,.(G) = a. The graph having set of pendent vertices Z =
{z4,2,,...,24_,}. Then by Theorem 1.1, Z is contained in every geodetic cototal dominating
set of G. Since I[Z] # V and I[Z U {x}], where x € Z is not a geodetic cototal dominating
setof G and s0 y,4.(G) = a.Now S = Z U {uy, u,} is a geodetic cototal dominating set of
G.Therefore y4..(G) = a.

Next, we have to prove y,.(G) = b.Consider S = Z U{hy, hy,..., hy_q4,} Then

S is a geodetic cototal dominating set of G. We prove that S is a minimal geodetic cototal
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dominating set of G. Suppose this is not the case. Hence S; < S, where S; is a minimal geodetic
cototal dominating set of G. Let x be a vertex of S such that x & S;. By Theorem 1.1, x #
zz(1<i<a+2). If x=hA<i<b-a+ 2) then x ¢ I[S;], which is a
contradiction. Therefore, S is a minimal geodetic cototal dominating of G so that y;.,(G) = b.
We prove that y,..(G) = b. On the contrary, suppose that y,.(G)>b + 1. Then there exists a
geodetic cototal dominating set M suchthat |M | = b + 1. By Theorem 1.1, Z c M. Since
S isaminimal geodetic cototal dominating set of G and u; € M, there does not exists a minimal

geodetic cototal dominating with | M | = b + 1. Therefore y,..(G) = b.

Un Uy

hb—a+2

Fig 4.

Conclusion

In this paper the concept of upper geodetic cototal domination number of some standard
graphs some general properties satisfied by this concept are studied. In future studies, the same
concept will be applied for the other graph operations.
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